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Abstract. In this paper we will study the statistics of the unit geodesic flow normal to 
the boundary of a hyperbolic manifold with non-empty totally geodesic boundary. Viewing 
the time it takes this flow to hit the boundary as a random variable, we derive a formula for 
its moments in terms of the orthospectrum. The first moment gives the average time for the 
normal flow acting on the boundary to again reach the boundary and the zeroth moment 
recovers Basmajian's identity. Furthermore, we are able to give explicit formulae for the 
first moment in the surface case as well as for manifolds of odd dimension. In dimension 
two, the summation terms are dilogarithms. In dimension three, we are able to find the 
moment generating function for this length function. 



Let M be a compact hyperbolic manifold with non-empty totally geodesic boundary. An 
orthogeodesic for M is a geodesic arc with endpoints normal to dM (see |Bas93j ). We will 
denote the collection of orthogeodesics by Om = Let li denote the length of ati, then 

the collection Lm = {^i} (with multiplicities) is known as the orthospectrum. As we will be 
summing over the orthospectrum, it is import to note that Om is a countable collection: this 
can be seen by doubling the manifold and observing that the orthogeodesics correspond to 
a subset of the closed geodesies in the double. 

Given x G dM, let a x be the geodesic emanating from x normal to dM. Then, as the 
limit set is measure zero, for almost every x G dM we have that a x terminates in dM; hence, 
the length of a x is finite. This allows us to define the measurable function L : dM — > K 
given by L(x) = length(a x ). Let dV denote the hyperbolic volume measure on dM, then 
V(dM) is finite allowing us to define the probability measure dm = dV/V(dM) on dM, so 
that (dM, dm) is a probability space. This lets us view L : dM — > M as a random variable. 
Given a random variable X on a probability space with measure p, the k th -moment of X is 
defined to be = J X k dp, where E[X] denotes the expected value. Let Ak(M) be the 

k th moment of L. In particular, A\(M) is the expected value of L. In this paper we will 
show that the positive moments of L are finite and encoded in the orthospectrum: 

Theorem 1.1. Let M = M n be an n-dimensional compact hyperbolic manifold with nonempty 
totally geodesic boundary, then A\.(M) is finite for all k G Z-°. 

Theorem 1.2. Let M = M n be an n-dimensional compact hyperbolic manifold with nonempty 
totally geodesic boundary, then for all k G Z-° 
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where 



log coth(x/2) 



/ coth x + cosh r 
log I 



coth x — cosh r 



sinh" (r) dr 



and fl n is the volume of the standard n-sphere. 



As corollaries we can write the function F n> i(x) in dimension 2 and all odd dimensions 
without integrals. In the following corollary Li 2 (a;) is the standard dilogarithm (see |Lew91j ). 
We will also write £(dS) for sum of the lengths of each boundary component of a surface S. 

Corollary 1.3. Let S be a compact hyperbolic surface with nonempty totally geodesic bound- 
ary. Then 
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Corollary 1.4. Let M be an n-dimensional compact hyperbolic manifold with nonempty 
totally geodesic boundary where n is odd. Then 
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The rest of the paper is dedicated to understanding the asymptotics of the F nt kS and 
finding the moment generating function in dimension 3. The motivation of this paper comes 
from recent work of Bridgeman and Tan in |BT13] , where the authors study the moments 
of the hitting function associated to the unit tangent bundle of a manifold (i.e. the time 
it takes the geodesic flow of a vector to reach the boundary). In the paper they are able 
to show the moments are finite and give an explicit formula for the expected value in the 
surface case as well as relate the orthospectrum identities of Basmajian (see below) and 
Bridgeman (see [Brill] and |BK10] ) as different moments of the hitting function. Observe 
that F n fl(x) = \4_i(logcoth(a;/2)), where V n {r) is the volume of the hyperbolic n-ball of 
radius r. As Aq(M) = 1, Theorem 1.2 gives the volume of the boundary in terms of the 



orthospectrum. This identity is known as Basmajian's identity: 



Theorem 1.5 (Basmajian's Identity, [Bas93j). If M is a compact hyperbolic n-manifold 
with totally geodesic boundary S, and £{ denotes the (ordered) orthospectrum of M, with 
multiplicity, then 

Area(S) = ^ K-i (log coth ^), 

i 

where V n {r) is the volume of the hyperbolic n-ball of radius r. 



Note that by combining Theorem 1.2 and Basmajian's identity we see that Ak(M) depends 
solely on the orthospectrum. 

Acknowledgements. I would like to thank my adviser, Martin Bridgeman, for his guid- 
ance. 



2. Kleinian Groups 

For n > 2, let Isom + (EI n ) be the space of orientation preserving isometries of hyperbolic 
n-space. With the topology of uniform convergence on the space of isometries, we define a 
Kleinian group to be a discrete torsion-free subgroup of Isom + (H n ). If V < Isom + (H n ) is a 
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Kleinian group, then HP/T is a hyperbolic manifold, i.e. a Riemannian manifold of constant 
curvature —1. 

In the Poincare model of hyperbolic space we can identify the boundary of HP with the 
(n — l)-sphere called the sphere at infinity and denoted S^ 1 . Pick x G HP and define the 
limit set ofT to be the set Ar = Tx D S^ 1 . Note that this definition is independent of the 
choice of x. Define the convex hull CH(Ar) of the limit set Ap to be the smallest convex 
subset of HI™ containing all the geodesies in HP with endpoints in Ar- As Ap is T- invariant, 
so is CH(Ar) and so we can take the quotient of CH(Ap) by T, which we call the convex 
core and denote C(r). A Kleinian group is convex cocompact if its associated convex core is 
compact (see |Thu79j ). 

With these definitions at hand, we recall the following two theorems from Patterson- 
Sullivan theory (see |Nic89] ) : 

Theorem 2.1. Let T < Isom + (HP) be a convex cocompact Kleinian group and let 5 = 8(T) 
be the Hausdorff dimension of the limit set of T. Then for r > r , 

N x (r) = | { 7 G r: d(>y(x),x) < r}\ < ae Sr } 

for some constant a depending on T and x. 

Theorem 2.2. Let T < Isom + (HP) be a convex cocompact Kleinian group and let 5 = 5(T) 
be the Hausdorff dimension of the limit set ofT. Then 5 = n — 1 if and only z/HP/T is finite 
volume. 

3. Finite Moments 

Let M = M n be a compact n-dimensional hyperbolic manifold with totally geodesic 
boundary. As above, let L denote the time to the boundary of the unit normal flow on the 
boundary. We let dV be the induced hyperbolic volume measure on the boundary and define 
dm = dV/V(dM), so that (dM,m) is a probability space and L : dM — > R is a random 
variable on this space. We let Ak(dM) = E[L k ] = J dM L k dm be the k th moment of L. In 
this section we will show that Ak(M) is finite for all nonnegative integers k. We first state 
a basic fact from hyperbolic geometry. 

Lemma 3.1. Let U be a hyperplane in HI™ and Br a hyperbolic n-ball of radius R a distance 
s from U. The orthogonal projection of Br to U has radius r < log coth(s/2). 

Proof. Let p G dBf> be the point closest to U, so that d(p, U) = s and let V be the hyperplane 
containing p such that d(U, V) = s. Then the orthogonal projection of Br is contained in the 
orthogonal projection of V. The orthogonal projection of V to U has radius logcoth(s/2) 
(see [Bas93j), implying that r < logcoth(s/2) as desired. □ 

We can now show that Ak(M) is finite: 



Theorem 1.1 Let M = M n be an n-dimensional compact hyperbolic manifold with nonempty 
totally geodesic boundary, then Ak(M) is finite for all k G Z-°. 

Proof. We want to work in hyperbolic space: identify the universal cover M of M with a 
convex subset of HI™, so that ttxM = F < Isom + (HP) is a convex cocompact Kleinian group. 
As M has a finite number of disjoint boundary components and we are investigating the 
integral over the boundary, it is enough to prove finiteness for a single component. Fix 
S C dM a component and a lift S C M of S (note: S is a copy of HP -1 sitting in HI"). Let 
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U be a convex fundamental domain for the action of T on M. Pick p G U and let Br(p) be 
a ball centered at p of radius R such that U C Br{j>). Set = U D S be a fundamental 
domain for the action of Stab(S) < T on S. Define rit : V — > HP to be the unit geodesic flow 
normal to S into M for a time t and set X t = {x G V: n t (x) G M}. Define tt : HP — >■ S to 
be orthogonal projection. 

We will now bound V(X t ) for t > vq. If x G Aj, then G 7?7 for some 7 G T. If 

n t (x) G n t (X t )n7t/', then d(p,j(p)) < t + 2R. Let r t = {7 G T: nt(X t )(~]7t7 ^ 0}, then from 
the above theorem, we know that |T t | < N p (t + 2i2) < ae 5 ^ t+2R \ where 5 is the Hausdorff 
dimension of the limit set of V. As n t (X t ) C U 7 er t ^ anc ^ 7l { n t{^t)) — X t , we have 

V(X t )<J2v(7r(jU)). 

Now, fix 7 G T t , then 7 • [/ C -8^(7 • p). Suppose that -B_r(7 • p) is a distance s from V 
and let r be the radius of its projection, we then have that t < r + s + 2R by the triangle 
inequality; in particular, s > t — r — 2R. Furthermore, as orthogonal projection is always 
distance decreasing in hyperbolic space, r < R, so that s > t — 3R. From the above lemma, 
we can conclude that 

/-j- 3R\ 

r < logcoth(s/2) < logcoth I — - — j = f(t). 



As the above bound for the radius does not depend on 7, we have 

V(X t ) < |r t |K-i (/(*)) < N p (t + 2R)V n . 1 (f(t))) < ae 5 ^V n .! (f(t)) , 

where V n (r) is the volume of a n-dimensional hyperbolic ball of radius r. We observe two 
asymptotics: 1) lim^oo e~ x logcoth(x/2) = 2 and 2) lim^o V n (r)/r n = C n for some constant 
C n > 0. From these facts and the above inequality, we see that 

lim e {n - l - &)t ■ V{X t ) < A, 

t—>oc 

for some constant A. From the theorem stated above, we know that n — 1 — 5 > 0. 
We now move to the moments. We have setup the following situation: 

/ L k dv = J2 / Lkdv < y2(t + i t / dy < y2(t + ^viXt). 

But, we saw that the asymptotics of V(X t ) are less than a multiple of e~ bt with b > 0, which 
implies the above sum converges since J^(t + l) k e~ bt converges. □ 



4. The Moments as a Sum over the Orthospectrum 

4.1. Basmajian's Ball Decomposition of the Boundary. In this section we introduce 
a decomposition of dM into a disjoint union of n — 1 balls (affectionately known as "leopard 
spots"). We will recall Danny Calegari's method of accomplishing this in |Call0j . 

Definition 4.1. Let X and Y be totally geodesic copies of HP -1 sitting inside of HP with 
disjoint closure in HP U S^ 1 . A chimney is the closure of the union of the geodesic arcs from 
X to Y that are perpendicular to X. 
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The distance between the hyperplanes X and Y defining the chimney is realized by a 
unique geodesic perpendicular to both planes, called the core, the length of which is the 
height of the chimney. The chimney cuts out a disk in X, which is called the base. Let 
a be the geodesic containing the core and (3 a geodesic containing a diameter of the base. 
Then a and (3 span a copy of HI 2 in HP. Furthermore, the intersection of this plane with 
the chimney cuts out half an ideal quadrilateral with orthospectrum {2£, 2r}, where i is the 
length of the core and r the radius of the base. We then have sinh(r) sinh(£) = 1, which 
yields r = logcoth | (see |Bea83j ). 

Theorem 4.2 (Chimney Decomposition, |CallOj ). Let M be a compact hyperbolic n-manifold 
with totally geodesic boundary S. Let Ms be the covering space of M associated to S. Then 
Ms has a canonical decomposition into a piece of zero measure, together with two chimneys 
of height li for each li in the (unordered) orthospectrum. 

If we take the bases of the chimney's in the decomposition of the above theorem, then 
we get a decomposition of DM into (n — l)-balls. With this decomposition, we can give the 
quick proof of Basmajian's identity in [CallOj: 

proof of Basmajian identity. Recall that we are working with the ordered orthospectrum. S 
in Ms is decomposed into a set of measure zero together with the union of the bases of the 
chimneys. Thus 



Area(S) = K-i ^logcoth 



2 

where V n (r) is the volume of a hyperbolic ra-ball of radius r. □ 

4.2. Deriving the Length Function. Let Ui be the interior of the ball associated to 
Ei G L(M). By above, the union of the U^s is a full measure set in S = DM. The measurable 
function L : S — > R assigning to each x G S the length of the arc emanating perpendicularly 
from S at x can be written as L = Yj£-eL(M) where Lj = L\Ui : Ui — > R since the C/j's are 
pairwise disjoint. As a chimney has rotational symmetry about its core, we see that L(x) 
for x G S depends only on the distance between x and the core, ie is a function of the 
radius; hence, deriving a formula for Li is a problem in the hyperbolic plane. Associated to 
each Ui are two components of the boundary, Ri and Tj, and two lifts of these components 
to hyperplanes in HP, Ri and Tj. If x G Ri, then we are interested in the chimney with 
its base in Ri and the lift of x sitting in Ri, call it x. There is a unique copy of HI 2 C HP 
containing the core of the chimney, x, and the geodesic connecting the two. The geodesic 
contained in this plane going through x and intersecting Ri perpendicularly intersects Tf, 
furthermore, the length of this arc is Lj(x). The diagram showing this situation in HI 2 is 
shown in Figure [TJ We see that Li(x) is the length of a side in a Lambert quadrilateral (a 
hyperbolic quadrilateral with three right angles). Let r be the distance from x to the core, 
then as we noted Li is solely a function of the radius, we will write Li(x) = Li(r). From 
hyperbolic trigonometry we find coth Lj(r) = sech(r) coth(^) (see [Bea83] ) or 

1 / coth£j + coshr 

(1) Li(r) = arccoth(sech(r) coth^JJ = - log - — 

2 \coth ii — coshr 

where the second equality holds as sech(r) coth(£j) > 1 on the domain of interest r G 
[0,logcoth(V2)). 
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Figure 1. A Lambert quadrilateral showing the setup for L{r). 



4.3. Proof of Theorem 1.2. For completeness, we restate the result: 



Theorem [PEj Let M = M n be an n- dimensional compact hyperbolic manifold with nonempty 
totally geodesic boundary, then for all k G Z-° 



where 



n,k 



x) = tt n _ 



A k (M) 



;coth(ic/2) 



V(dM) 



log ( 



/ coth x + cosh r 



coth x — cosh r 



sinh 



n-2, 



r) dr 



and fl n is the volume of the standard n-sphere. 



Proof. From the additivity property of measures we have J L k dm = Ju- L\ dm. As 
dm = dV/V(dM) and dV is the (n — l)-dimensional hyperbolic volume form we can write 
it in spherical coordinates as 



dm 



sinh" - 2 (r) dr dfl n _ 2 , 



V(dM) 



where dVL n _ 2 is the volume form on the standard unit sphere. Above we saw that Lj is 
a function solely of the radius and Ui is a n — 1 dimensional hyperbolic ball with radius 
log (coth (4/2)), so that 



L, dm 



1 



Ui 



log(coth(4/2)) 



V(dM) J 

q ^ / .log(coth(^/2)) 



'n-2 



V{dM) J 



Lf(r)sinh n - 2 (r)rfrrffi n _ 2 
Li(r) sinh n_2 (r) dr, 



where we write O n _ 2 for the volume of the standard (n — 2)-dimensional unit sphere. Define 
F n ,k{x) as stated in the theorem, so that the equality holds for A k (M) by ([!]). □ 
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5. Surface Case 
5.1. Dilogarithms. For \z\ < 1 in C the dilogarithm is defined as 



Li 2 (*) = £ 



n=l 



n 2 



Using the Taylor series for log(l — z) about z = 0, we can write 

Jz Z 

One can then take a branch of log(z) in order to analytically continue Li 2 (z) to the complex 
plane minus a branch cut. The standard definition of the dilogarithm assumes the branch 
cut for log(,z) is along (— oo, 0]; however, for our purposes we will be interested in a different 
branch cut. Define the function D(z) to be the resulting dilogarithm by using the branch 
cut along (—ioo,0] for log (2) such that log(— 1) = m. We note that Li 2 (z) = ^>{z) for 
z E (—00, 1). 

The dilogarithm Li 2 (z) has the following well-known identity (see |Lew91j ): 

Li 2 (^) + Li 2 =- l -\og\-z)-'^. 

This identity is verified by differentiating both sides. As Li' 2 = D' and Li 2 (z) = ^{z) on the 
negative real axis, the identity holds for D; hence, 

(2) + = -Uog\-z)-^. 

(The branch of logarithm being used should be clear from context.) 

5.2. Deriving the formula for F 2i i(x). For a fixed value of x, we define the map H x : 
[0, log coth(x/2)] — > C as follows: 

H x {r) = D(-e- r coth(x/2)) - D(e" r coth(x/2)) + V{- e - r tanh(x/2)) - V(e~ r tanh(x/2)). 
Lemma 5.1. 

d(JR,H x ) j coth x + cosh r 
dr ^ coth x — cosh r 

Proof. We first calculate H' x and then take real parts. Given the definition of the dilogarithm 
and the fact that coth(x/2) + tanh(x/2) = 2 coth x, we have that 

H' x (r) = log(l + e~ r coth(x/2)) - log(l - e~ r coth(ar/2))+ 
+ log(l + e~ r tanh(x/2)) - log(l - e~ r tanh(x/2)) 

= log[(l + e" r coth(x/2))(l + e- r tanh(x/2))] - log[(l - e~ r coth(z/2))(l - e~ r tanh(x/2))] 
= log [2e~ r (cosh r + coth a;)] — log[2e _r (cosh r — coth a;)] 
= log(cothx + coshr) — log(coshr — cothx) 

coth x + cosh r 

= log —7 r ™. 

coth x — cosh r 

Given the domain for H x , the argument of the logarithm above is always a positive real 
number. □ 
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We therefore see that F 2t i(x) = 2 • ?R[H x (\og coth(x/2)) — H x (0)} as Q = 2. For a surface 
S with boundary, let £(dS) be the sum of the lengths of the boundary components. Given 
the above we can now prove the following: 

Corollary |1. 3 Let S be a compact hyperbolic surface with nonempty totally geodesic bound- 
ary. Then 

_2" 



£(dS) 



Li2 — tanh 



Li 2 ^tanh 2 - J : 



7T 



Proof. From the above formulation of F 2jl (x), we get the following: 



F %l (x) = 2 • 3fJ 



T>(a) + D 



- D 



D - 



- D 



7T" 

T 



where a = coth (|). From applying ([2]) twice we see that: 



Via] + D 



D(-a) 



-(log 2 (a)-log 2 (-a)). 



Recalling that log(— 1) = in, for a > we have log(a) — log(— a) 
simplifying the above 



— log(— 1), so that 



T>(a) + T) 



T)(-a) - T> 



71' 



iir log a for a > 0. 



In particular, for positive values of a, the real part is always 7r 2 /2. As is always positive this 
identity holds in the case of interest. Furthermore, Li 2 (± tanh(£j/2)) = D (± tanh(£j/2)) as 
±tanh(£j/2) G (—1, 1); hence, the result follows. □ 

5.3. Asymptotics for F 2t i(x). We will use the following notation throughout the rest of 
the paper: For /, g : R — > R we will write / ~ # if lim x ._ s>00 [/(x)/(7(x)] = 1. This is clearly 
an equivalence relation on real-valued functions. Below we find the asymptotic behavior of 
F2,i{x) from our above result; we note that we will also come to the same result later in the 
paper when we study the asymptotics of F n ^ from the integral definition. 

Proposition 5.2. Let F 2i i(x) be defined as above, then F2 i i(x) ~ 8xe~ x . 

Proof. We start with the following observation: 

Li 2 (-x) -Li 2 (x) + vr 2 /4 

hm — — r = 1, 

aJ-+l [X — 1) log(l — X) 

which is a direct application of L'Hopital's rule and the definition of the dilogarithm. From 
this, we can gather the following: 

F a>1 (z) ~ 2(tanh 2 (x/2) - 1) log(l - tanh 2 (x/2)) = 4sech 2 (x/2) logcosh(x/2) 

2 



ez + e 2 



log 



1 + e" 



8xe 



□ 
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6. Odd Dimensions 

In this section we will write an explicit formula for Ai(M n ) with n odd. For n odd, we 
can simplify the integral in the definition of F n % by using the substitution u = coshr to get: 



F n Ax) = Q 



n-2 



coth x 



2 2=1 COth X + U 
U — 1) 2 log ; du. 



coth x — u 

An elementary calculation gives the following integrals (up to a constant) when m is even: 
F+(u, y) = Ju™ log(y + u) du = * \{u^ + y™ +l (x)) log(y + u) + ^(-l)-^^^' 



1 



m + 1 



m + l ..m-k+l n .k 



fe=i 



fc 



Now set f m (x) = F+(cothx, cothx) — cothx) + F m (l, cothx) — F m (cotha;, cothx) 

After some routine manipulation and simplification, we find: 



fm(x) 



2coth m+1 (x 
m + l 



log(2 cosh x) - x tanh m+1 (x) + V" - 1a '" 1 '' ' 

fe=i 



2fc 



If we expand out the binomial in we find 

re — 3 

2 _ / n-3 \ 

F M (x)=fi n _ 2 ^(-l)V^ 2 W 
i=o \ 3 J 



2j 



We then immediately have: 



Corollary [0} Le£ M 6e an n- dimensional compact hyperbolic manifold with nonempty 
totally geodesic boundary where n is odd. Then 



Ai{M) 



^ M ES < " 1) ^ + i (T) coth^ 1 ^) [log(2 cosh^) - tanh 2 ^ 1 ^) + £Li ±^_1M 



2A- 



7. The Asymptotics of F n , k 
In this section, we explore the asymptotic behavior of the F n ^s. 
Theorem 7.1. For all n,k E Z + 

lim r = , 

x-^oo x n — 1 

Furthermore, for n odd we have 

limx n - 2 F n>1 (x) = _?_pog2 + iff (n _ 1)/2 ], 
where H n is the n th harmonic number. 
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Proof. Recall that F n , k (x) = tt n _ 2 f^ scoth{x/2) L k x (r)smh n - 2 (r) dr. Using the substitution 
u = coshr, we have 



/coth x 
( 



in 2 ~ 1) 



n-3 
2 



log 



/ coth x + 



u 



V coth rr — u 



oh/. 



For the moment, let n > 3, so that (n — 3)/2 > 0, then 



/coth a; 
( 



(ti-1) 



n — 3 



log 



/ coth x + u 



F n ,k( X ) < (C0thx + l) n 2 fi„_ 2 



coth a; 



\cothrr — M 
U- 1) 



n-3 
2 



j / coth a; + w 
^ V coth x — u 



du. 



As cothx + 1 approaches 2 in the limit as x goes to infinity, we see from the above two 
inequalities that 



n — 3 
2 



log ( 



/ coth x + u 



coth rr — u 



1 k 



du. 



/coth x 
{u-iy 

In the case n — 2, the inequalities above are reversed, but yield the same result; hence, what 
follows will hold for all n. We now look at the following two inequalities: 

j.«*hx (ii _ 1)ffifS j lQg (^±s)]* du > Jcoth, (u _ 1} ^3 [lQg(cothx + 1} _ log(coth ^ _ u f du 

f™ thx (u - 1) V [log {^trt)] k du < f™ thx (u - 1) V [log(2cotho;) - log(cotha; - u)] k du 

Note for large x that cothx — u < 1 for all u e [l,cothx], so that log(cothx — u) < 0. 
As both log(2cothx) and log(cotha; + 1) limit to log 2, we see that both the integrals in 
the inequalities are asymptotic to f™ thx (u — l)(" _3 )/ 2 [log(coth:r — u)] k du. Let us write 
a(x) = coth a; — 1 and v = so that we now have 

t~i / \ -i rl ~ ^ r> n — l />! n — 3 ri / \ 1 t n — 3 n — l />! n — 2 r , \-\k 1 

F n ,k{x) ~ 2 2 S2„_ 2 a 2 J Q u 2 [log(a - ai> Jfoh; = 2 2 S2„_ 2 a 2 J Q w 2 [log a + log (1 - v)\ dv. 
As Jq t> ( n_3 )/ 2 [log(l — v )} m dv is finite for all m, we find that 



F nifc (z)~(-l) fe 2VQ n _ 2 (l ga)V 



n^3 2 2 fi n _ 2 / 1 

v 2 dv = log - 

n — l \ a 



n-l 

a 2 , 



Since, a(x) = coth a; — 1 ~ 2e~ 2x , we get the stated result. 

When n is odd, we have the following when x approaches 0: As a; tends to 0, it is easy to see 
that tanh m+1 (x)/ m (x) is finite. As lim^of^cotha;] is finite, we see that lim^o x m+l f m (x) < 
00. Again, as F n> i(x) is a sum of the / m 's, the largest exponent dominates, which gives the 
result. □ 



8. The Moment Generating Function in Dimension 3 

Let M be a hyperbolic 3-manifold with totally geodesic boundary and let S = dM. We 
define the moment- generating function M L {t) = E[e tL ], where E[X] denotes the expected 
value of a random variable X with respect to our probability measure dm = dV/V(dM). 
The moment-generating function encodes all the moments of L in its derivatives: A^M) = 
E[L k ] = M { L k) (0). In particular, by calculating M L (0) we will recover Basmajian's identity 
and A\(M) by calculating M' L (0). The goal of this section is to prove that following theorem: 
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Theorem 8.1. If M is a compact hyperbolic 3-manifold with totally geodesic boundary S, 
then 

. , / s 47r v-^ , / „ s „ ( 1 — tanh & \ 

M L (t) = 77(5) E coth ^) • ( 2 — ' 1 " *' 1 + 7 ' 

where B is the incomplete beta function. 

8.1. Hypergeometric Function and Incomplete Beta Function. The hypergeometric 
functions 2*1(0, b, c, z) for z G C with \z\ < 1 are given by the power series: 



F ( nhr ?\- \^ ( a Ub)n Z n 

n=0 v ' 



provided c ^ Z-° and where 



la) 



1 for n = 

a(a + 1) • • - (o + n — 1) for n > 



We will use the following identity below: 

(l-z)-° = 2*1(0,1,1,*). 
The incomplete beta functions B(x,a,b) are defined as 

B(x,a,b) = [ s ~ x (l - s^ds. 
Jo 

We can also write an incomplete beta function in terms of a hypergeometric function as 
follows (see |Luk69j ): 

(3) B(x, a, b) = — 2*1(0, 1 — b, a + 1, x). 

We present two calculations as technical lemmas that will allow us to derive the moment 
generating function. 

Lemma 8.2. 

d X I ^ 

— 2 F 1 (l + t,t,2 + t,x) = [(l-x)- t - 2 F 1 (l + t,t,2 + t,x)] 

OX X 
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Proof. We calculate: 
d 



dx 



2 F 1 (l + t,t,2 + t,x) = 



n-l 



(t) n (l+t) n X 

^ (2 + t) n (n-l)! 
1 + t ~ 



n x 



x * — ' ' " t + n + 1 n\ 

n=l 



1 + t 
1 + t 

1 + t 

X 

1 + t 



(t)n(l+t) l X^ 

t + n + 1 n! 

(t) n (l + t) TO x n 
(t + 2) n n\ 



E (*)» 

n=l - 
,n=0 ' n=0 

[ 2 F 1 (t,l J l,x)- 2 F 1 (l + t,t,2 + t } x)] 
[(l-x)- t - 2 F 1 (l+t,t,2 + t,. 



□ 



Lemma 8.3. Let g(u, a, t) = (1 + t)~ 1 (a + u) t+l {2a)~ i 2 Fx (l + t, t, 2 + t, ^) , t/ien 

(9(7 / a + u x * 



(9m \ a — u j 

Proof. This is an immediate consequence of the previous lemma. 



□ 



8.2. Proof of Theorem 8.1 We can now find the moment generating function of L. 
proof of theorem \8.1\ Let S = DM and recall that Vt\ = 2tt. By definition, 

M L (t) = E[e tL ] = [ e tL dm = V f e tL >dm 

JS : JUi 



2tt 

vxsj 

2tt 
V(Sj 



E 

i 

E 



log(coth(4/2)) 



coth(£j) + coshr 
coth(£j) — coshr 

coth(4) /coth(A) +uV , 

du, 



sinh r dr. 



coth(£j) — u 

where u = coshr. From the above lemma, we then have that 

M L (t) = (2n/V(S)) ^(coth(4),coth(£ J ),t)-( 7 (0,coth(£ J ),t)]. 

After expanding the above terms using the definition of g, some simplifications get us to: 

t+i 



M L (t) 



2-rr V" coth(lj 
V(S) l^£iEL m 1+t 

By ([3]) this becomes 



2 2 F 1 (l + M,2 + M)-|( 1+ta f (£ ' ) 



Fx (l + t,t,2 + t. 



l+tanh(4 



4:71 

(*) = v(s) ^ coth(£i) 

\ ' t.aT .. 



5(1,1 + t,l -t) - B 



1 + tanh(^) 



1 + t, 1 - t 
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It is left to investigate B(l, l + t,l-t)- B(a, 1 + 1, 1 - t): 

B(l, 1 + 1, 1 - t) - B(a, 1 + t, 1 - t) = j l a s*(l - s)"*ds = - /°_ o (l - u)*u-*du = S(l - o, 1 - t, 1 + t), 
where w = 1 — a. Therefore, we can conclude 

= ^ S • B (i^f 1 ^, i - *, i + *) . 

□ 

8.3. Recovering Basmajian's Identity in Dimension 3. As M L (0) = 1 we have 

and as -B(a, 1, 1) = a, we have 

V(S) = 2vr(coth(^) - 1) = = E ^(log(coth(V2))), 

where V 2 (r) is the area of a hyperbolic circle of radius r. 

References 

[Bas93] A. Basmajian, The orthogonal spectrum of a hyperbolic manifold, American Journal of Mathematics 
115 (1993), no. 5, 1139-1159. 

[Bea83] Alan F Beardon, The geometry of discrete groups, vol. 91, Springer New York, 1983. 

[BK10] Martin Bridgcman and Jeremy Kahn, Hyperbolic volume of manifolds with geodesic boundary and 
orthospectra, Geometric And Functional Analysis 20 (2010), no. 5, 1210-1230. 

[Brill] Martin Bridgeman, Orthospectra and dilogarithm identities on moduli space, Geometry and Topol- 
ogy 15 (2011), no. 2. 

[BT13] Martin Bridgeman and Ser Peow Tan, Moments of the boundary hitting function for the geodesic 
flow on a hyperbolic manifold, pre-print (2013), arxiv.org/abs/1302.0527. 

[CallO] D. Calegari, Chimneys, leopard spots, and the identities of basmajian and bridgeman, Algebr. Geom. 
Topol. 10 (2010), no. 3, 1857-1863. 

[Lew91] Leonard Lewin, Structural properties of polylogarithms, vol. 37, Amer Mathematical Society, 1991. 

[Luk69] Yudell Leo Luke, The special functions and their approximations, vol. 53, Academic Press, 1969. 

[Nic89] Peter J Nicholls, The ergodic theory of discrete groups, vol. 143, Cambridge University Press, 1989. 

[Thu79] William P Thurston, The geometry and topology of three-manifolds, Princeton University, 1979. 

Department of Mathematics, Boston College, 140 Commonwealth Ave., Chestnut Hill, 
ma 02467, nicholas.vlamis@bc.edu 



